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Abstract
Many recent researches indicate that several gravitational D-dimensional theories suitably coupled to
some matter fields (including in particular pure gravity in D dimensions, the low energy effective actions
of the bosonic string and the bosonic sector of M-theory) would be characterized by infinite dimensional
Kac-Moody algebras G++ and G+++. The possible existence of these extended symmetries motivates a
development of a new description of gravitational theories based on these symmetries. The importance
of Kac-Moody algebras and the link between the G+++-invariant theories and the uncompactified space-
time covariant theories are discussed.
1Talk presented at the 2nd RTN Workshop of the RTN project ’Constituents, Fundamental Forces and Symmetries of the
Universe’, Napoli, October 9-13, 2006.
2F.R.I.A Researcher.
1 Introduction
The best candidate for the description and unification of all fundamental interactions is M-Theory in
eleven dimensions.Very little is known for sure about M-Theory but it is thought to encompass all su-
perstring theories and in particular, in low energy limit, the eleven dimensional supergravity. Essential
elements are lacking in the quest for a unified theory of quantized gravity and matter. In this context, the
study of hidden symmetries, exhibited by dimensional reduction, would allow a better understanding of
the structure of the unified theory and could lead to a new formulation of gravitational interactions. These
hopes have been encouraged by some developments from recent years that certain types of Kac-Moody
algebras occur in several D-dimensional theories of gravity suitably coupled to dilatons and matter fields
associated to n-forms, whose lagrangian is:
LD =
√−g
(
R− 1
2
q∑
u=1
∂MΦ
u∂MΦu −
∑
n
1
2n!
e
P
u
aunΦ
u
F 2(n)
)
. (1.1)
The possible existence of these extended symmetries motivates a development of an original formulation
of gravitational theories based on these Kac-Moody algebras.
2 Dimensional reduction and coset symmetries
In this section, we will explain how Kac-Moody hidden symmetries are exhibited. Performing first a
compactification on a torus TD−3 of a D-dimensional gravitational theory given by Eq.(1.1), we find in
3 dimensions a lagrangian containing only scalars coupled to gravity:
L3 =
√−g
(
R− 1
2
∂µϕ¯ · ∂µϕ¯− 1
2
∑
α¯
e
√
2 α¯·ϕ¯ ∂µχα¯ ∂µχα¯
)
. (2.2)
One expects that the symmetry of this reduced lagrangian will be GL(D − 3,R) which is the symmetry
group on the D−3 torus. But for some very specific theories, this symmetry is much larger. In fact, under
certain conditions2 , the scalar part of the reduced lagrangian L3 can be identified to a coset lagrangian
LG/K invariant under transformations G/K where G is a simple Lie group and K is the maximal compact
subgroup of G [1, 2].
For instance, upon dimensional reduction down to 3 dimensions, the bosonic part of the 11-dimensional
supergravity whose lagrangian is written as L11 =
√−g (R − 12.4! FµνρσFµνρσ + C.S. ) exhibits the
simple Lie group G = E8. The Dynkin diagram of E8 (see Fig.1) characterizes completely this simple
Lie algebra. The vertices on the horizontal line define the gravity line. They represent simple roots re-
lated to fields coming from the metric gµν . The vertex not belonging to the gravity line is related to a
2A necessary condition that L3 is invariant under G and not only under GL(D−3,R) is that the α¯ in Eq.(2.2) are identified
to positive roots of G.
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field resulting from the 4-form Fµνρσ .
It is interesting to consider the dimensional reduction beyond 3 dimensions. That would give Dynkin
diagrams of Kac-Moody algebras. Roughly speaking, Kac-Moody algebras are infinite dimensional
generalization of finite dimensional Lie algebras G. It has been showed that the reduced theory to 2
dimensions are connected to a infinite dimensional symmetry G+ ( affine extension of G) [3] obtained by
adding one root to the Dynkin diagram of G. Motivated by the dimensional reduction, it has been argued
that the Kac-Moody algebra G++ (overextension of G) can play a role in the compactification to 1 dimen-
sion [4]. Finally, when all the dimensions are compactified, it is obvious to extend the algebra G++ to
G+++ (triple extension of G) by adding a third vertex. Such G+++ symmetries were first conjectured in
the aforementioned cases [5, 6] and the extension to all G+++ was proposed in [7]. So this construction
motivates the fact that the eleven dimensional supergravity could have the symmetry G+++ = E+++8
(see Fig.1).
Similarly other well known theories would also have symmetries under Kac-Moody algebras. Indeed
the pure gravity in D dimensions and the effective action of the bosonic string in 26 dimensions would
possess respectively a very-extended symmetry A+++D−3 and D
+++
24 . More generally all simple maximally
non-compact Lie groups G could be generated from the reduction down to 3 dimensions of suitably
chosen actions [8] and it was conjectured that these actions possess the very-extended Kac-Moody sym-
metries G+++ [7]. G+++ algebras are defined by the Dynkin diagrams depicted in Fig.1, obtained from
those of G by adding three nodes.
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Figure 1: The nodes labeled 1, 2, 3 define the Kac-Moody extensions G+++ of the Lie algebras G. The horizontal
line starting at 1 defines the ‘gravity line’, which is the Dynkin diagram of a AD−1 sub-algebra.
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3 G+++- invariant action
To make the Kac-Moody symmetries manifest, it is interesting to construct an action explicitly invariant
under G+++: SG+++ [9]. This action is defined in a reparametrisation invariant way on a world-line, a
priori unrelated to space-time, in terms of an infinity of fields ϕ(ξ) where ξ spans the world-line. The
fields ϕ(ξ) live in a coset space G+++/K+++ where the sub-algebra K+++ is invariant under a ‘temporal
involution’ Ω which ensures that the action is SO(1,D − 1) invariant. We can write an element of the
coset by exponentiating the Borel sub-algebra of G+++ (which contains the Cartan and the positive root
generators) as:
V(ξ) = expBaφa(ξ) . (3.3)
To each Borel generator Ba, we associate a field φa(ξ). As there is an infinity of generators Ba, there
is an infinite number of fields φa(ξ). So we have to organize this summation on the infinity of fields in
such a way that a recursive approach has a sense. In this context, we introduce a level decomposition
with respect to the finite sub-algebra AD−1 where D is interpreted as the space-time dimension. Each
G+++ contains indeed a sub-algebra GL(D) such that SL(D)(= AD−1) ⊂ GL(D) ⊂ G+++.
In the particular case of E+++8 , the level l counts the number of times the simple root α11 (not con-
tained in the gravity line) appears in irreducible representation of A10 [10]: α = lα11 +
∑10
i=1 aiαi .
Using this mechanism, we find a nice decomposition of the infinite number of generators. At each
level we have a finite number of generators and fields associated to it. Exploring the decomposition of
E+++8 into representations of A10, the positive root generators at level 0, 1, 2 and 3 are respectively,
Kab (GL(11) generators), Ra1a2a3 , Ra1a2a3a4a5a6 and Ra1a2a3a4a5a6a7a8,b. The level 1 and 2 tensors
are antisymmetric and the level 3 tensor is associated to a mixed Young tableau (with the constraint
R[a1a2a3a4a5a6a7a8,b] = 0). The fields associated to these generators are respectively hba(ξ), Aa1a2a3(ξ),
Aa1a2a3a4a5a6(ξ) and Aa1a2a3a4a5a6a7a8,b(ξ). At higher levels (> 3), there is an infinite number of rep-
resentations characterized by some Young tableaux.
With this decomposition, it is possible to rewrite the coset representative V(ξ) in Eq. (3.3) as
V(ξ) = exp
(∑
a≥b
h ab (ξ)K
b
a
︸ ︷︷ ︸
Level 0
)
exp
(∑
Aa1 a2 a3(ξ)R
a1 a2 a3 + . . .︸ ︷︷ ︸
Level ≥ 1
)
, (3.4)
where the first exponential contains only level zero operators and the second one the positive root gener-
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ators of levels strictly greater than zero. Defining
dv(ξ)
dξ
=
dV
dξ
V−1 , dv˜(ξ)
dξ
= −Ω1 dv(ξ)
dξ
= V˜−1dV˜
dξ
, P = 1
2
(
dv
dξ
+
dv˜
dξ
)
, (3.5)
where Ω1 is the temporal involution which allows identification of index 1 to a time coordinate, one
obtains in terms of the ξ-dependent fields, an action SG+++ invariant under global G+++ transformations,
defined on the coset G/K+++ :
SG+++ =
∫
dξ
1
n(ξ)
〈P | P〉 , (3.6)
where n(ξ) is an arbitrary lapse function ensuring reparametrisation invariance on the world-line and
’<,>’ is the G+++ invariant bilinear form ensuring invariance of the action (3.6) under the global trans-
formations G+++.
The fundamental question is now : is there a link between the action invariant under the Kac-Moody
algebras and the action of the space-time theory? In particular, considering our example, we would like
to relate the action invariant under E+++8 and the 11- dimensional supergravity. To do that, we must
interpret the parameter ξ which the fields of the σ-model depend on and find the significance of the
infinity of fields φa(ξ). In this context, we are going to study the Kac-Moody algebra G++.
4 G++- invariant actions
To make connections between this new formalism and the covariant space-time theories, it is interesting
to analyze the several actions invariant under overextended Kac-Moody algebra G++ (double extension
of G). The Dynkin diagram of G++ is obtained by deleting the root α1 in the Dynkin diagram of G+++.
The G+++-invariant action leads to two distinct theories: G++C and G++B obtained both by a truncation
of a infinity of G+++-fields, putting to zero all the fields multiplying generators involving the deleted
root α1. This truncation is realized consistently with all equations of motion, i.e. it implies that all the
solutions of the equations of motions of SG++ are also solutions of the equations of motion of SG+++
[11].
4.1 G++C − invariant action
The recent study of the properties of cosmological solutions in the vicinity of a space-like singularity
revealed an overextended symmetry G++C . The action SG++
C
restricted to a defined number of lowest
levels is equal to the corresponding space-time theory in which the fields depend only on the time coor-
4
dinate (see Table 1) [12]. The parameter ξ is defined as a time coordinate and this G++C -theory carries a
Euclidean signature in D − 1 dimensions.
Fields belonging to SE++
8
Fields of supergravity depending on time
level 0 gµˆνˆ(t) = fct(h ba ) ! metric
level 1 Aµˆνˆρˆ(t) ! 3-form electric potential
level 2 Aµˆ1...µˆ6(t) ! 6-form magnetic potential (dual of the 3-form)
level 3 Aµˆ1...µˆ8,νˆ(t) ! ’dual’ of the metric
Table 1: Link between the lowest level up to level 3 of the cosmological E++8 -invariant theory and the
fields of the 11-dimensional supergravity.
4.2 G++B -invariant action
The action SG+++ contains another G++-invariant action SG++
B
, obtained by performing the same con-
sistent truncation as the one for G++C , but now performed after a G+++ Weyl transformation. As the
Weyl transformations modify the identification of the indices 1 and 2 which become respectively space
and time, the resulting action SG++
B
is different from SG++
C
. This gives an action SG++
B
with a Lorentz
signature for the metric and with the parameter ξ identified to the missing space coordinate instead of
t. This G++B -theory admits exact solutions identical to the ones of covariant Einstein and field equations
describing intersecting extremal brane solutions smeared in all direction but one (see Table 2) [9, 13].
Fields belonging to SE++
8
Branes of M-theory
level 0 gµˆνˆ(x) ! KK-wave (0-brane)
level 1 Aµˆνˆρˆ(x) + gµˆνˆ(x) ! M2 (2-brane)
level 2 Aµˆ1...µˆ6(x) + gµˆνˆ(x) ! M5 (5-brane)
level 3 Aµˆ1...µˆ8,νˆ(x) + gµˆνˆ(x) ! KK6-monopole
Table 2: Link between the lowest level up to level 3 of the brane E++8 -invariant theory and the branes of
M-theory.
Moreover, intersections rules are neatly encoded in G++B by orthogonality conditions on the positive
real roots characterizing each branes.
5 Weyl transformations and their consequences
In this section, we review some consequences of Weyl transformations. First, a Weyl transformation on
a generator T of G+++ can be expressed as a conjugaison by a group element UW of G+++: T −→
UWTU
−1
W . Because of the non-commutativity of Weyl transformation with the temporal involution Ω:
UWΩTU
−1
W = Ω
′UWTU−1W , (5.7)
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different Lorentz signatures (t, s) (where t (s) is the number of time (space) coordinates) can be obtained
[11]. More precisely, Weyl reflections of the gravity line do not change the global Lorentz signature (t, s)
but it change only the identification of time coordinates. In fact, only Weyl reflections with respect to
roots not belonging to the gravity line can change the global signature of the theory.
For instance the signatures found for E+++8 are (1, 10), (2, 9), (5, 6), (6, 5) and (9, 2) [14]. These
signatures match perfectly with the signatures changing dualities. Indeed, we can interpret the Weyl
transformation with respect to root α11 (not belonging to gravity line) as a double T-duality in the direc-
tion 9 and 10 with an exchange of these directions [15, 7]. Moreover, these signatures match also with
the exotic phases of M-theories (M’ and M*) [16].
The previous construction has been generalized and the signatures for all G+++ have been found
[17, 18].
6 Conclusions and perspectives
Many properties of space time are neatly encoded in Kac-Moody algebras (branes, intersection rules,
T-duality, . . . ). So the study of G++ and G+++ constitutes an interesting approach to understand the
gravitational theories coupled to matter which is conceptually different from the Einstein approach. We
have now to answer to the fundamental question of all this approach: are these symmetries only a conse-
quence of the compactification process or are they effectively symmetries of the uncompactified theory?
This question is related to the significance of the infinite number of fields. Progress is made in this
direction [19].
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